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The results are joint with
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Toeplitz matrices

Notation (Fourier coefficients of a function a ∈ L1 ([0, 2π]))

ak :=
1

2π

∫ 2π

0
a(θ)e−ikθ dθ,

Definition (Toeplitz matrix of order n generated by a ∈ L1 ([0, 2π]))

Tn(a) := [aj−k ]nj,k=1.

For n = 4,

T4(a) =


a0 a−1 a−2 a−3
a1 a0 a−1 a−2
a2 a1 a0 a−1
a3 a2 a1 a0


The function a is called the generating function or the generating symbol
of the sequence of the matrices Tn(a), n = 1, 2, 3, . . .
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Where do Toeplitz matrices appear?

Toeplitz
matrices

Stochastics:
weakly

stationary
processes

Mechanics:
deformations

of elastic
layer

Signal
processing:
convolution
codes and

filters

Physics:
ferromag-

netic sferical
model
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Notation for the eigenvalues and singular values

Notation (eigenvalues of a self-adjoint matrix)
Given a self-adjoint matrix A ∈ Cn×n, denote by λ1(A), . . . , λn(A)
the eigenvalues of A counted according to their algebraic multiplicities.
For example, we can enumerate them in the ascending order:

λ1(A) ≤ λ2(A) ≤ . . . ≤ λn(A).

Notation (singular values of a matrix)
Given A ∈ Cn×n, denote by s1(A), . . . , sn(A) the singular values of A:

sk(A) :=
√
λk(A∗A).
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Tridiagonal real symmetric Toeplitz matrices
Consider a simple example:

a(θ) = −e−iθ + 2− eiθ = 2− 2 cos θ,

The Toeplitz matrices Tn(a) generated by this symbol are real, symmetric,
positive-definite and tridiagonal.

T5(a) =


2 −1 0 0 0
−1 2 −1 0 0

0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 2

 .

Since Tn(a) are positive-definite, the singular values coincide with the
corresponding eigenvalues:

sk(Tn(a)) = λk(Tn(a)).
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Eigenvalues of tridiagonal real symmetric Toeplitz matrices
In this example, a(θ) = 2− 2 cos θ, there is a simple formula for λk(Tn(a)):

λk(Tn(a)) = a
( kπ

n + 1

)
= 2− 2 cos kπ

n + 1 .

−π 0 π

4

π
6

λ1

π
3

λ2

π
2

λ3

2π
3

λ4

5π
6

λ5

n = 5
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Eigenvalues and the values of the generating function

In the previous example, the eigenvalues of Tn(a) are equal to the values
of the generating function at the uniformly distributed points kπ

n + 1:

λk(Tn(a)) = a
( kπ

n + 1

)
(k = 1, 2, . . . , n).

Hypothesis
For every real-valued, even and sufficiently smooth generating function a,

λk(Tn(a)) = a
( kπ

n + 1

)
+O

( 1
n2

)
.

In fact, the individual behavior of the eigenvalues of Toeplitz matrices
is known only for few narrow classes of generating functions.
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Averaged collective behavior of eigen- and singular values

It is easier to study the behavior of λj and sj in the sense of distributions.

Associate the weight 1
n with each eigenvalue λj of the matrix Tn(a),

i.e., consider the Radon measure

F 7→ 1
n

n∑
i=1

F
(
λj(Tn(a))

)
.

Here F is a continuous function called test function.

In a similar manner associate the weight 1
n with each singular value sj :

F 7→ 1
n

n∑
i=1

F
(

sj(Tn(a))
)
.

In other words we consider the averaged F -sums of λj and sj .
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Szegő and Avram-Parter theorems

G. Szegő, 1920
Let a ∈ L∞([0, 2π],R), F ∈ C(R). Then

lim
n→∞

1
n

n∑
k=1

F
(
λk(Tn(a))

)
=

1
2π

∫ 2π

0
F
(

a(θ)
)

dθ. (S)

S. V. Parter (1986), F. Avram (1988)
Let a ∈ L∞([0, 2π],C), F ∈ C(R+), R+ := [0,+∞). Then

lim
n→∞

1
n

n∑
k=1

F
(

sk(Tn(a))
)

=
1

2π

∫ 2π

0
F
(
|a(θ)|

)
dθ. (AP)

Question
Do the formulas (AP) and (S) hold for non-bounded generating functions?
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Positive test functions, infinite values in (S) and (AP)

The left-hand and right-hand sides of (S) and (AP) are linear in F :

lim
n→∞

1
n

n∑
k=1

F (λk(Tn(a))) =
1

2π

∫ 2π

0
F (a(θ)) dθ. (S)

lim
n→∞

1
n

n∑
k=1

F
(

sk(Tn(a))
)

=
1

2π

∫ 2π

0
F
(
|a(θ)|

)
dθ. (AP)

Since every C-valued function is a lin. comb. of four R+-valued functions,
without loss of generality consider only positive test functions:

F (x) ≥ 0 ∀x .

Working with positive test functions we may and shall admit infinite values
in both sides of (AP) and (S).
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Notation: classes of “good” test functions

APT := the test functions that fulfill (AP) for all integrable symbols

APT :=
{

F ∈ C(R+,R+) : (AP) holds for this test function F

and all symbols a ∈ L1([0, 2π],C)
}
.

ST := the test functions that fulfill (S) for all integrable symbols

ST :=
{

F ∈ C(R,R+) : (S) holds for this test function F

and all symbols a ∈ L1([0, 2π],R)
}
.

Goal
Determine what functions belong to the classes APT and ST .

Here we find wide sufficient conditions and some counterexamples.
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Known results for non-bounded symbols

1997 E. E. Tyrtyshnikov and N. L. Zamarashkin:
a ∈ L1, F ∈ C0.

1998 P. Tilli:
a ∈ L1, F is uniformly continuous (simple proof!)

2002 S. Serra Capizzano:
(AP) for a ∈ Lp, F (s) = O(sp) as s → +∞.

2008 A. Böttcher, S. M. Grudsky, M. Schwartz:
For all a ∈ L1, F ∈ C the following inequality holds:

lim inf
n→∞

1
n

n∑
k=1

F
(

sk(Tn(a))
)
≥ 1

2π

∫ 2π

0
F
(
|a(θ)|

)
dθ.

BGS also constructed a counterexample for (AP) and (S).
In that counterexample a ∈ L1, F is continuous, but not monotonous.
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Counterexample with increasing test function

Theorem 1
There exists a generating function a ∈ L1([0, 2π],R+)
and a strictly increasing test function F ∈ C(R+,R+) such that∫ 2π

0
F
(

a(θ)
)

dθ < +∞,

but
lim sup

n→∞

1
n

n∑
k=1

F
(

sk(Tn(a))
)

= +∞.

So, for these a and F formulas (AP) and (S) do not hold.
In particular, F /∈ APT .
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Counterexample with increasing test function

Construction of the generating function a
The generating function is piecewise-constant:

a(θ) :=

{
bk , θ ∈ [(1− δk)βk , βk ] (k ≥ 1);

0, for others θ.

The values bk , βk and δk are chosen in the following manner:

bk := 2k2
, βk :=

2π
bk
, δk :=

1
k(k + 1)

.

Then ‖a‖L1 = 1 but ‖a‖∞ = +∞ and ‖Tn(a)‖ → +∞.
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Counterexample with increasing test function

Construction of the test function F

b1 b2 b3

b1

b2

b3 F has the following properties:

F (bk) = bk ,

F (bk + 1) = bk+1 − 1,

F strictly increases,

F is continuous.
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Another counterexample with increasing test function

Theorem 2
There exists a generating function a ∈ L1([0, 2π],R+)
and a strictly increasing test function F ∈ C(R+,R+) such that

+∞ > lim sup
n→∞

1
n

n∑
k=1

F
(

sk(Tn(a))
)
>

1
2π

∫ 2π

0
F
(

a(θ)
)

dθ.

So, for these a and F formulas (AP) and (S) fail,
but both sides of them are finite.

Proof.
A slight modification of the previous construction.
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Terminology: increasing and convex functions

Increasing function: in the non-strict sense

∀x1, x2 ∈ Dom(f )

(
x1 ≤ x2 =⇒ f (x1) ≤ f (x2)

)
.

Convex function: in the sense

f is convex ⇐⇒
epigraph(f ) is a convex set
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Inequality for the singular values of Toeplitz matrices
Key result

Theorem 3
Let a ∈ L1([0, 2π],C) and Φ: R+ → R+ be an increasing convex function.
Then for every n ∈ {1, 2, 3, . . .},

1
n

n∑
k=1

Φ
(

sk(Tn(a))
)
≤ 1

2π

∫ 2π

0
Φ
(
|a(θ)|

)
dθ.

Note
For Φ(s) = sp this inequality was proved
by S. Serra Capizzano and P. Tilli (2002).

Ideas of the proof
The proof is based on Jensen’s inequality for convex functions and on
Sing’s and Thompson’s inequality for the diagonal and singular values.
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Avram-Parter formula for convex test functions

The class APT contains all convex functions R+ → R+.

Using some ideas from [Serra Capizzano, 2002] we generalize this
result to the test function that are dominated by convex functions:

Theorem 4
Let

a ∈ L1([0, 2π],C),
Φ: R+ → R+ be a convex function,
Φ ◦ |a| ∈ L1,
F ∈ C(R+,R+) and F (x) ≤ Φ(x) for x > x0.

Then for these functions a and F formula (AP) holds.
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Szegő formula for convex test functions
The class ST contains all convex functions (acting from R to R+).

And a more general version for the test functions
whose positive and negative parts are dominated by convex functions:

Theorem 5
Let

a ∈ L1([0, 2π],R),
Φ± : R+ → R+ are increasing and convex, and Φ+(0) = Φ−(0),
Φ± ◦ a± ∈ L1, where

a+(θ) = max(a(θ), 0), a−(θ) = max(−a(θ), 0),

F ∈ C(R,R+), F (x) ≤ Φ+(x) and F (−x) ≤ Φ−(x) for x ≥ x0.

Then for these functions a and F formula (S) holds.
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Main references I

F. Avram,
On bilinear forms in Gaussian random variables and Toeplitz matrices,
Probab. Theory Related Fields 79 (1988), 37–45.
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Toeplitz Forms and Their Applications, 1958.

S. V. Parter,
On the distribution of the singular values of Toeplitz matrices,
Linear Algebra Appl. 80 (1986), 115–130.

Egor Maximenko (IPN, Mexico) Avram-Parter and Szegő theorems IWOTA 2011 27 / 28
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