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Toeplitz operators
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“ of clastic spherical

. Iayers models

OTTO TOEPLITZ (1881-1940)

Basic idea: Let X be a Hilbert space, Y € X and
P : X — Y be an orthogonal projection. If A is a bounded
operator on X, then Toeplitz operator with symbol A

Ta:XxeX—P(AX)eY

is a compression of operator A to subspace Y, and it is an
important operator theory model.
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Ta:X €X = P(AX) €Y

@ Hardy space Y C Ly(T) ... well-understood case (20.
century — L. COBURN, P. HALMOS, |. GOHBERG, N.
KRUPNIK, ...)

@ Bergman space of L,(D)-analytic functionson D C C
... S. AXLER, Z. CU¢KkoVIC, S. GRUDSKY, B.
KORENBLUM, K. STROETHOFF, N. VASILEVSKI, ...

@ Fock (Segal-Bargmann) space
Y C Ly(CY, 779e%Zdv(z)) ... W. BAUER, L. COBURN,
R. DouGLAs, M. ENGLIS, T. LE, K. ZHu, ...

@ if Y C Ly(R?, dxdy) is a space of STFT of
L,(RY)-functions, then T¢ is a Gabor-Toeplitz
operator ... E. CORDERO, |. DAUBECHIES, H.
FEICHTINGER, K. GROCHENIG, F. DE MARI, J. TOFT, ...

@ if Y C Ly(G,u2dudv) is the Calder6n space of
L,(R)-functions, then T is a Calderén-Toeplitz
operator ... K. NOWAK, L. PENG, R. ROCHBERG
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Realization in time-frequency context

TV = /G a(£)(Wal) (Ve de, € Ly(R)
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Realization in time-frequency context

Tt = [a@Wai)©Oveds, T eLa®)
v Short-time Fourier transform (STFT)

(wa)(q,p)=/Rf(X)so(t—q)e‘z”‘px dx, p,geR
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Realization in time-frequency context

Tt = [a@Wai)©Oveds, T eLa®)
v Short-time Fourier transform (STFT)

(Vgof)(q,p)=/Rf(X)so(t—q)e‘z”ipx dx, p,geR

v Continuous wavelet transform (CWT)

(Wyf)(u,v) = \%/};(M¢<

X =V

>dx, u>0,velR
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Realization in time-frequency context

Tt = [a@Wai)©Oveds, T eLa®)
v Short-time Fourier transform (STFT)
(vVeh(a.p) = [ 160 AT-@e ™ o, paeR

v Continuous wavelet transform (CWT)

(Wwf)(u,v):\%/Rf(x)w<x_v>dx, u>0,veRr

v Continuous Stockwell transform (CStT)

(St _ & /f SEXx—b))e ™ dx, b € R, ¢ € R\{0}
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Realization in time-frequency context

Tt = [a@Wai)©Oveds, T eLa®)
v Short-time Fourier transform (STFT)
(vVeh(a.p) = [ 160 AT-@e ™ o, paeR

v Continuous wavelet transform (CWT)

(Wyf)(u,v) = f/f 7/J< >dx u>0,velR

v Continuous Stockwell transform (CStT)

(St _ &L /f SE(x—b))e *dx, beR,EeR\{0}

v Localization operators related to shearlet transforms,
ridgelet transforms, windowed Hankel transforms, etc.
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Bergman space over the upper half-plane Il
@ the Bergman space ... A%(M) := {f € Ly(MN); d5f = 0}
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Bergman space over the upper half-plane Il
@ the Bergman space ... A%(M) := {f € Ly(MN); d5f = 0}
@ the evaluation functional at the point z € I

ev,: A2(M) = C,  evy(f) :=f(2)

is bounded, thus by Riesz—Fréchet theorem there
exists a function Kq ; € A?(M) such that

v(f € A%(M) (f.Knz) =f(2);
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Bergman space over the upper half-plane Il
@ the Bergman space ... A%(M) := {f € Ly(MN); d5f = 0}
@ the evaluation functional at the point z € I

ev,: A2(M) = C,  evy(f) :=f(2)

is bounded, thus by Riesz—Fréchet theorem there
exists a function Kq ; € A?(M) such that

v(f € A%(M) (f.Knz) =f(2);

@ the function Kp ; is called the Bergman kernel
corresponding to 1 and z;
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Bergman space over the upper half-plane Il
@ the Bergman space ... A%(M) := {f € Ly(MN); d5f = 0}
@ the evaluation functional at the point z € I

ev,: A2(M) = C,  evy(f) :=f(2)

is bounded, thus by Riesz—Fréchet theorem there
exists a function Kq ; € A?(M) such that

v(f € A2(M)  (f.Knz) =f(2);

@ the function Kp ; is called the Bergman kernel
corresponding to 1 and z;

@ the formula (f,Kp ) = f(z) is called the reproducing
property of the Bergman kernel;
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Bergman space over the upper half-plane Il
@ the Bergman space ... A%(M) := {f € Ly(MN); d5f = 0}
@ the evaluation functional at the point z € I

ev,: A2(M) = C,  evy(f) :=f(2)
is bounded, thus by Riesz—Fréchet theorem there
exists a function Kq ; € A?(M) such that

v(f € A2(M)  (f.Knz) =f(2);

@ the function Kp ; is called the Bergman kernel
corresponding to 1 and z;

@ the formula (f,Kp ) = f(z) is called the reproducing
property of the Bergman kernel;

@ the orthogonal Bergman projection
Pn : Lo(MN) — A?(IN) takes the form

(vz e M(vf € La(M))  (Pnf)(z) = (f,Knz).
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Isomorphism R: A%(M) — Ly(R,)

Vasilevski (1999) constructed an isometric isomorphism
R: A?(M) — Ly(R,) given by

Re)00) = 2 / e~ ™ dp(w).

The operator R is unitary, and its inverse
R*: Ly(Ry) — A%(N) is given by

(R)(z) = % /R VER(©) €7 de.

The operators R and R* serve us to diagonalize the
vertical operators.

@ N. L. VAsILEVSKI: On the structure of Bergman and poly-Bergman spaces. Integr. Equ. Oper.
Theory 33(4) (1999), 471-488
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Vertical operators on A2(I)

@ for h € R denote by 7, : Ly(M) — Ly(M) the horizontal
translation operator (mf)(w) :=f(w — h)
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Vertical operators on A2(I)

@ for h € R denote by 7, : Ly(M) — Ly(M) the horizontal
translation operator (mf)(w) :=f(w — h)

@ A bounded linear operator S: A%(M) — A?(N) is said
to be vertical if (Vvh € R) 7S = Sp,.
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Vertical operators on .42(I)
@ for h € R denote by 7, : Ly(M) — Ly(M) the horizontal
translation operator (myf)(w) :=f(w — h)
@ A bounded linear operator S: A%(M) — A?(M) is said
to be vertical if (Vh € R) 7S = Sp,.

Criterion for vertical operators

Let S: A%(M) — .A%(M) be a bounded linear operator.
Then the following conditions are equivalent:

(a) S is vertical;
(b) S is diagonalized by the unitary operator R, i.e.,

(3o € Lo(R4)) RSR* = M,,.
(c) The Berezin transform of S depends on the

imaginary part only, i.e., B(S)(u +iv) = B(S)(iv) for
alueRandv > 0.
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Toeplitz operators on A42()
@ For g € L(IM) we denote by Mg the multiplication by
g in Ly(M):
Mg: Lo(M) — Lo(M),  Mg(f) :=fg.
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Toeplitz operators on A42()
@ For g € L(IM) we denote by Mg the multiplication by
g in Ly(M):
Mg: Lo(M) — Lo(M), My(f) := fg.

@ The Toeplitz operator with generating symbol g is
defined as the compression of My to the subspace
A2(M):

Tgf := PnMg(f).
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Toeplitz operators on A42()
@ For g € Lo(IM) we denote by Mg the multiplication by
g in Ly(M):
Mg: Lo(M) — Lo(M), Mgy(f) :=fg.
@ The Toeplitz operator with generating symbol g is
defined as the compression of My to the subspace

A2(M):
Tgf = PrMg(f).

@ Due to the reproducing formula Ty can be written in
the following integral form using the Bergman kernel:

(Tof)(@) = (Mo(F).Knz) = [ F(w)a(w)Kon () du(w)
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Toeplitz operators on A42()
@ For g € Lo(M) we denote by My the multiplication by
g in Ly(M):

@ The Toeplitz operator with generating symbol g is
defined as the compression of My to the subspace
A2():

Tgf := PnMg(f).

@ Due to the reproducing formula Ty can be written in
the following integral form using the Bergman kernel:

(Tof)(@) = (Mo(F).Knz) = [ F(w)a(w)Kon () du(w)

@ General properties of Toeplitz operators on the
Bergman space have been studied by Ahern, Axler,
Coburn, Cuckovi€, Rao, Zheng, Zhu, etc.
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Vertical Toeplitz operators on A2(I)

@ We say that g € L.() is vertical, if there exists a
function a € Lo (R4 ) such that g(w) = a(Im(w)) a.e.
w e[l
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Vertical Toeplitz operators on A?(MM)
@ We say that g € L.() is vertical, if there exists a

function a € Lo (R4 ) such that g(w) = a(Im(w)) a.e.
w eIl

Criterion for vertical Toeplitz operators

Let g € Lo(). Then Ty is vertical if and only if g is
vertical.
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Vertical Toeplitz operators on A2(I)

@ We say that g € L(N) is vertical, if there exists a

function a € Lo (R4 ) such that g(w) = a(Im(w)) a.e.
w e[l

Criterion for vertical Toeplitz operators

Let g € Lo(). Then Ty is vertical if and only if g is
vertical.

Diagonalization of vertical Toeplitz operators

Let a € L(R4) and denote by a the vertical extension of
a,i.e.,

(vw e ) a(w):=a(lm(w)).
Then RT3R* = M,,, where

Ya(X) = /ﬂh a (;)() e ! dt.
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Passing from operators to functions

Diagonalization of vertical Toeplitz operators

Leta € Lo(R4). Then RT3R* = M,,, where

a(X) = /R+ a <2tx> et dt.

Ta Ya
T :={Ta;, a€Lo(Ry)} G = {7a; a€ Lo(Ry)}
7 := C*-algebra(%) G := C*-algebra(®)
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Passing from operators to functions

Diagonalization of vertical Toeplitz operators

Leta € Lo(R4). Then RT3R* = M,,, where

a(X) = /R+ a <2tx> et dt.

Ta Ya
T:={Ta; a€ Lo(Ry)} 6 = {7a; a€Lo(Ry)}
7 := C*-algebra(%) G := C*-algebra(®)

Fact: The C*-algebras 7 and G are isometrically
isomorphic. Moreover, 7 is commutative.
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Passing from operators to functions

Diagonalization of vertical Toeplitz operators

Leta € Lo(R4). Then RT3R* = M,,, where

a(X) = /R+ a <2tx> et dt.

Ta Ya
T:={Ta; a€ Lo(Ry)} 6 = {7a; a€Lo(Ry)}
7 := C*-algebra(%) G := C*-algebra(®)

Fact: The C*-algebras 7 and G are isometrically
isomorphic. Moreover, 7 is commutative.

Problem : Find an independent description of G!
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Intermezzo: C*-algebras of TOs

Vasilevski characterization theorem

A Toeplitz operator algebra is commutative on each weighted
Bergman space if and only if the corresponding symbol set
consists of (smooth) functions which are constant on the cycles
of a pencil of hyperbolic geodesics.

v elliptic — realized by radial symbols (depending on |z| on D),
v’ parabolic — realized by vertical symbols (depending on
Im(z) on 1),

v hyperbolic - realized by angular symbols (depending on
argz on I1)
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Intermezzo: C*-algebras of TOs
An isometric characterization of the elliptic, parabolic and
hyperbolic case commutative C*-algebra of TOs:

(i) the C*-algebra generated by the set of TOs with bounded
radial symbols is isometrically isomorphic to the
C*-algebra VSO(N);

GRUDSKY, S. M., MAXIMENKO, E. A., VAsILEVsKI, N. L.: Radial Toeplitz operators on the unit ball
and slowly oscillating sequences. Commun. Math. Anal. 14(2) (2013), 77-94.

(ii)y the C*-algebra generated by the set of TOs with bounded
vertical symbols is isometrically isomorphic to the
C*-algebra VSO(R,);

ﬁ HERRERA YAREZ, C., MAXIMENKO, E. A., VASILEVSKI, N. L.: Vertical Toeplitz operators on the

upper half-plane and very slowly oscillating functions. Integr. Equ. Oper. Theory 77(2) (2013),
149-166.

(i) the C*-algebra generated by the set of TOs with bounded
angular symbols is isometrically isomorphic to the
C*-algebra VSO(R).

@ ESMERAL, K., MAXIMENKO, E. A., VAsILEVsSKI, N. L.: C*-algebra generated by angular Toeplitz

operators on the weighted Bergman spaces over the upper half-plane. Integr. Equ. Oper.
Theory 83(3) (2015), 413-428.
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Poly-analytic Bergman spaces over [1

@ the set AZ(M) := {f € Ly(); 92f = 0} is called the
n-analytic Bergman space over [1;
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Poly-analytic Bergman spaces over [1
@ the set AZ(M) := {f € Ly(); 92f = 0} is called the
n-analytic Bergman space over [1;

o the set A? () := AZ(M) © AZ_,(M) is called the
true-n- analytlc Bergman space over [1,
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Poly-analytic Bergman spaces over [1

@ the set AZ(M) := {f € Ly(); 92f = 0} is called the
n-analytic Bergman space over [1;

o the set A? () := AZ(M) © AZ_,(M) is called the
true-n- analytlc Bergman space over I1;

@ analogically we define the n-anti-analytic and
true-n-anti-analytic Bergman spaces over I1 as
follows

A2(N) == {f € Ly(N); o0 = 0}
A(n)(”) = AA(N) & AZ_4(M)
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Poly-analytic Bergman spaces over [1

@ the set AZ(M) := {f € Ly(); 92f = 0} is called the
n-analytic Bergman space over [1;

o the set A? () := AZ(M) © AZ_,(M) is called the
true-n-analytic Bergman space over [T;

@ analogically we define the n-anti-analytic and
true-n-anti-analytic Bergman spaces over I1 as
follows

AZ(M) = {f € Ly(N); 97 = 0}
AZ (M) == A3(M) © AZ_4(N)

@ Vasilevski decomposition result

=P ALy (m e P AL M)
n=1 n=1

ﬁ N. L. VAsSILEVSKI: On the structure of Bergman and poly-Bergman spaces. Integr. Equ. Oper.
Theory 33(4) (1999), 471-488
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(Un)expected time-scale approach
For n € Z, consider (a family of) wavelets
D) = X (V26 e Ln(2€),  PM(E) = P (),
where
g d —Y,,N & n (_y)i
La(y) = nldyn (e7y") :Z <i)T’ y € R;.

i=0
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(Un)expected time-scale approach
For n € Z, consider (a family of) wavelets

BO(E) = x4 (V26 €t Ln(28), (€)= P (—¢),
where
& d : —y)!
La(Y) = &y ey =) <T)(I—3,/) y € R;.
i=0 ’
Then the spaces of wavelet transforms

A = {Waf](¢) = (F + V)(u); | € Ha(R))
A = {[Waf](¢) = (F + wd)(u); T € Ha(R)*}

are exactly the true-(n + 1)-analytic, resp.
true-(n + 1)-anti-analytic Bergman spaces over I1!

@ L. D. ABREU: Super-wavelets versus poly-Bergman spaces. Integr. Equ. Oper. Theory 73(2)
(2012), 177-193

@ L. D. ABREU, H. G. FEICHTINGER: Function spaces of polyanalytic functions. In: "Harmonic and
Complex Analysis and its Applications”, A. Vasil’ev (Ed.), Springer, 2014, pp. 1-38.
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Vertical TOs in poly-analytic setting

Diagonalization of vertical Toeplitz operators on A(zn)

Let a € L(R.). Then the vertical Toeplitz operator Té") acting

on Afn) is unitarily equivalent to the operator M., | with

Yan(X) :/ a(zi) e 'L3(t)dt, x €R,.
R, X
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Vertical TOs in poly-analytic setting

Diagonalization of vertical Toeplitz operators on A(zn)

Let a € L(R.). Then the vertical Toeplitz operator Té") acting

on Afn) is unitarily equivalent to the operator M., | with

Yan(X) :/ a(zi) e 'L3(t)dt, x €R,.
R, X

@ Task: Describe &, = {yan; @ € Loo(R+)}!
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Vertical TOs in poly-analytic setting

Diagonalization of vertical Toeplitz operators on A(zn)

Let a € L(R.). Then the vertical Toeplitz operator Té”) acting
on Afn) is unitarily equivalent to the operator M., | with

Yan(X) :/ a(zi) e 'L2(t)dt, x €R,.
R, X

@ Task: Describe &, = {yan; @ € Loo(R+)}!

@ the C*-algebra generated by vertical TOs acting on .A?(I)
is commutative and isometrically isomorphic to the
C*-algebra generated by &¢

ﬁ VasiLEvskI, N. L.: Commutative Algebras of Toeplitz Operators on the Bergman Space,
Birkhauser Basel, 2008.
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Vertical TOs in poly-analytic setting

Diagonalization of vertical Toeplitz operators on A(zn)

Let a € L(R.). Then the vertical Toeplitz operator Té”) acting

on Afn) is unitarily equivalent to the operator M., | with
t _
Yan(X) :/ a <§> e 'L2(t)dt, x €R,.
Ry

@ Task: Describe &, = {7an; @ € Loo(Ry)}!

@ the C*-algebra generated by vertical TOs acting on .A?(I)
is commutative and isometrically isomorphic to the
C*-algebra generated by &¢

@ VasiLEvskI, N. L.: Commutative Algebras of Toeplitz Operators on the Bergman Space,
Birkhauser Basel, 2008.

@ B is dense in the C*-algebra VSO(R, )

ﬁ HERRERA YAREZ, C., MAXIMENKO, E. A., VAsILEVSKI, N. L.: Vertical Toeplitz operators on the

upper half-plane and very slowly oscillating functions. Integr. Equ. Oper. Theory 77 (2013),
149-166.
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Thema II: Approximate invertibility

Algebras: Let A be a normed complex vector space and at the
same time an algebra. It is said that A is a normed algebra if
the norm in A is submultiplicative:

(Va,b € A) [lab] < [lal|[|b].

A normed algebra A is called a Banach algebra if A is complete
w.r.t. the distance induced by the norm.
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Thema II: Approximate invertibility

Algebras: Let A be a normed complex vector space and at the
same time an algebra. It is said that A is a normed algebra if
the norm in A is submultiplicative:

(Va,b € A) [lab] < [lal|[|b].

A normed algebra A is called a Banach algebra if A is complete
w.r.t. the distance induced by the norm.

Definition (approximate identity)
Let A be a Banach algebra. A sequence (gj)jcy in A is called
an approximate identity in A if for every a € A

lim ae; = a, lim gja = a.

j—o0 j—oo
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Thema II: Approximate invertibility

Algebras: Let A be a normed complex vector space and at the
same time an algebra. It is said that A is a normed algebra if
the norm in A is submultiplicative:

(Va,b € A) [lab] < [lal|[|b].

A normed algebra A is called a Banach algebra if A is complete
w.r.t. the distance induced by the norm.

Definition (approximate identity)
Let A be a Banach algebra. A sequence (gj)jcy in A is called
an approximate identity in A if for every a € A

lim ae; = a, lim gja = a.

J—o0 J—0o0

Definition (right approximately invertible elements)

Let x € A. We say that x is right approximately invertible if
there exists a sequence (Uj)jen such that (xu;)jen is an
approximate identity in A.
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Approximate invertibility — a similar concept

ﬁ THATTE, A.D., BHATT, S.J.: On topolizing invertibility. Indian J. Pure Appl. Math. 15(12) (1984),
1308-1312.

Definition (right topologically invertible elements)

An element x in a unital algebra A (with unit e) is called right
topologically invertible if there exists a sequence (r))jen € A
such that the sequence(xu;)jen converges to e.
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Approximate invertibility — a similar concept

@ THATTE, A.D., BHATT, S.J.: On topolizing invertibility. Indian J. Pure Appl. Math. 15(12) (1984),
1308-1312.

Definition (right topologically invertible elements)

An element x in a unital algebra A (with unit e) is called right
topologically invertible if there exists a sequence (r))jen € A
such that the sequence(xu;)jen converges to e.

Example: Aren’s algebra
(0, 1) = [ Le([0.1])
1<p<+oo

is a unital complete metrizable algebra with pointwise
operations and the topology of L,-convergence for each

1 < p < +oo. Then f(x) = x is not invertible in L* ([0, 1]), but it
is topologically invertible, since

1
39i(%) = xp/ () € L*([0,1]) : fg; —1flp — 0

for each p.
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Dirac sequences

Now we consider L; (R) with the convolution operation x
making it a non-unital commutative algebra. For every
f € L1(R) denote by f the Fourier transform of f.

Definition

A sequence (&j)jen in L1(R) is a Dirac sequence if:
(i) g(x) >0foreveryx e R,j €R,;

(i) [pej(x)dx =1foreveryj e N;

(i) for every § > 0,

_Iim/ gj(x)dx = 0.
j—o0 Jix|>6

It is known that every Dirac sequence is an approximate
identity in L; (R).
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Dirac sequences — example

(sin(x))?
e(x) = 7
j=1

In this example the support of & is compact for every j € N:

11— <2
é_\](t):{ 2_]’ ||—./

0, otherwise.
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Dirac sequences — example

(sin(jx))?
mix?

e(x) =

j=2

TN

1 N

In this example the support of & is compact for every j € N:

11— <2
é_\](t):{ 2_]’ ||—./

0, otherwise.
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Dirac sequences — example

(sin(jx))?
mix?

e(x) =

j=3

In this example the support of & is compact for every j € N:

11— <2
é_\](t):{ 2_]’ ||—./

0, otherwise.
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Dirac sequences — example

CN)2
o0 = SO
/MN\
j=4

In this example the support of & is compact for every j € N:

11— <2
é_\](t):{ 2_]’ ||— ./

0, otherwise.
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Dirac sequences — example

g(x) = (Si;ﬁﬁ?)z :
/\
j=5

In this example the support of & is compact for every j € N:

11— <2
é_\](t):{ 2_]’ ||— ./

0, otherwise.

\\\\\\\\\L‘\\\\\\\\\
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Approximate invertibility in A = L;(R)

Wiener’s Division Lemma

Letf,g € L1(R) such that

(i) supp(?) is compact;

A~

(i) g(x) # 0 for every x € supp(f).
Then there exists h € L;(R) such that f = g = h.
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Approximate invertibility in A = L1(R)

Wiener’s Division Lemma

Letf,g € L1(R) such that

(i) supp(?) is compact;

(ii) g(x) # 0 for every x € supp(f).
Then there exists h € L;(R) such that f = g = h.

Criterion for approximate invertibility in L;(R)

Then the following conditions are equivalent:
(a) f is approximately invertible in L;(R);
(b) f«xL1(R) is densein L;(R);

~

(c) f(t) #0foreveryt € R.

(c)=>(a): Suppose that?(t) # Oforeveryt € R. Let (g));cn be a Dirac sequence with supp(éj) e K.
For every j € R, by Wiener's Division Lemma, 3g; € L1 (R) such thatej = f * g;. Therefore, f is

approximately invertible in Ly (R).

Ondrej Hutnik — Vertical Toeplitz operators acting on poly-analytic Bergman spaces over the upper half-plane — July 4, 2018 — Page 20



UNIVERSITY OF PAVOL JOZEF SAFARIK IN KOSICE FACULTY OF SCIENCE

Approximate invertibility in A = L1(RR)

1/m

X _ _/¥
fl )_7T(1+X2)

0.6985

h I

f*h]_:e]_
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Approximate invertibility in A = L1(RR)

1/m

3.9469

fohy=e e \/ \/ e
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Approximate invertibility in A = L1(RR)

1/m

X _ _/¥
fl )_7T(1+X2)

21.0312

h3
fxhs=e
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Return back to the problem

@ convolution algebra L;(R) does not have a unit;

@ (uj)jes is an approximative identity in a commutative
Banach algebra A, if (auj)jc; — aforeacha c A

@ a < Ais approximatively invertible, if there exists (bj)jes
such that (abj);c; is an approximative identity in A,
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Return back to the problem

@ convolution algebra L;(R) does not have a unit;

@ (uj)jes is an approximative identity in a commutative
Banach algebra A, if (auj)jc; — aforeacha c A

@ a < Ais approximatively invertible, if there exists (bj)jes
such that (abj);c; is an approximative identity in A,

Approximative deconvolution on the real line

Let K € L1(R) such that K does not vanish on R. Then there
exists a sequence (gj)jen in L1(R) such that (K  ¢))jen is a
Dirac sequence.
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Return back to the problem

@ convolution algebra L;(R) does not have a unit;

@ (uj)jes is an approximative identity in a commutative
Banach algebra A, if (auj)jc; — aforeacha c A

@ a < Ais approximatively invertible, if there exists (bj)jes
such that (abj);c; is an approximative identity in A,

Approximative deconvolution on the real line

Let K € L1(R) such that K does not vanish on R. Then there
exists a sequence (gj)jen in L1(R) such that (K  ¢))jen is a
Dirac sequence.

Density of the image of the convolution operator

LetK € Ly(R). If K does not vanish on R, then the set
G ={K=x*a; a€lLo(R)}
is a dense subset of C,(R).
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Finale: Vertical TOs in poly-analytic setting

Density of the set of spectral functions

For each n € Z, the set &, is dense in VSO(R, ).
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Finale: Vertical TOs in poly-analytic setting
Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

Very slowly oscillating functions:
A bounded function f: R, — C is very slowly oscillating iff

I lim |[f(x) —f(y)| =0;
X1
[I. the composition f o exp: R — C is uniformly continuous

with respect to the usual metric d(x,y) = |[x —y|on R;

ll. fis uniformly continuous with respect to the logarithmic
metric p(X,y) = |Inx —Iny| on R;
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Finale: Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

Very slowly oscillating functions:
A bounded function f: R, — C is very slowly oscillating iff

I lim |[f(x) —f(y)| =0;
X1

[I. the composition f o exp: R — C is uniformly continuous
with respect to the usual metric d(x,y) = |x —y|on R;

ll. fis uniformly continuous with respect to the logarithmic
metric p(X,y) = |Inx —Iny| on R;

Or, equivalently
VSO(R.) = {f € Lc(Ry): lim w,.,(6) =0},

where w,¢: [0,+00) — [0, +o0c] is the modulus of continuity of
fwrt. p,ie,
wp,i(0) = sup {[f(x) = f(y)|: p(x.y) <4}
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

I. step in the proof of density in poly-analytic case:
Substitution u = €*/2 transforms the function

_ t 2
Yan(U) = /]R+ a (Z) Zt)dt, ueR,
to the convolution
Fon(X) = 2an(€'/2) = [ b=y )Ka(y) &y

of b(x) = a(e™) with Ky (x) = & (Ln(€))?
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

I. step in the proof of density in poly-analytic case:
Substitution u = €*/2 transforms the function

t
Yan(U) =/ a<2—> 2(t)dt, uecR,
R, u

to the convolution
Fon(X) = 7an(€/2) = /R b(x — y)Kn(y) dy

of b(x) = a(e™) with Ky (x) = & (Ln(€))?

? Is the set {I'pn; b € Lo(R)} dense in the C*-algebra
Cu(R)?
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

I. step in the proof of density in poly-analytic case:
Substitution u = €*/2 transforms the function

t
nal) = [ a5 ) B0 uer,
R, u

to the convolution
Fon(X) = 7an(€/2) = /R b(x — y)Kn(y) dy

of b(x) = a(e™) with Ky (x) = & (Ln(€))?
? Is the set {I'pn; b € Lo(R)} dense in the C*-algebra
Cu(R)?
v Since b € L (R) and K, € L1(R) with ||K,|| = 1, we
conclude that I', , belongs to C,(R) for each n € Z,.
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

I. step in the proof of density in poly-analytic case:
Substitution u = €*/2 transforms the function

t
nal) = [ a5 ) B0 uer,
R, u

to the convolution
Fon(X) = 7an(€/2) = /R b(x — y)Kn(y) dy

of b(x) = a(e™) with Ky (x) = & (Ln(€))?
? Is the set {I'pn; b € Lo(R)} dense in the C*-algebra
Cu(R)?
v Since b € L (R) and K, € L1(R) with ||K,|| = 1, we
conclude that I', , belongs to C,(R) for each n € Z,.
2 (vt €R) Ky(t) £0
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Vertical TOs in poly-analytic setting
Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

II. step in the proof of density in poly-analytic case: Find the
"right" expression for the Fourier transform of K, i.e., starting
from the Howell formula

L20) = 52 Zar JLar(2x), where a(n) :i= (2: B fr> <2rr)

we come to the expressions

Kn X 22n @( Zar L2r Zé()

Kn(t) = (Gl (1 — 2rit)Pn(2nt)

(n1)?
Pn(t) = (_]'E#(nl)z En:ar(n) oF1(—2r,it;1;2)

r=0
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
using the fact that

oF1(—2r,it; 1;2) = (—1)'m{/?) (t + % g) :
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
using the fact that

i i
oFp(—2r,it;1;2) = (—1)'m{/?) (t i g) .
Thus, each P, is a linear combination of orthogonal polynomials
_1 n n| 2 N L I ’/T
Pn(t) = (;# Z(_l)rar(n)mgr/ ) (t n . E)
r=0
n

Qux) =420 (%51 ) = (-1 Y1) el (5, )

r=0
Ma(x) = (2n)! mg; (? %)
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
transforming to

n n 2
Ro() = D (M (x) with ()= (-2~ (1) (2n-2r)

The polynomials R, satisfy the recurrence relation
XRn(X) - Rn+1(x) + Aan(X) + Ban_l(X)
with Ap = 8n(n+ 1) + 3, B, = 16n* and R_;(x) = 0, Ro(x) = 1.
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
transforming to

n n 2
Ro() = D (M (x) with ()= (-2~ (1) (2n-2r)

The polynomials R, satisfy the recurrence relation
XRn(X) - Rn+1(x) + Aan(X) + Ban_l(X)
with Ap = 8n(n+ 1) + 3, B, = 16n* and R_;(x) = 0, Ro(x) = 1.

@ Favard’s theorem = the polynomials R, are orthogonal and
all their zeros are real and simple;
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
transforming to

n n 2
Ro() = D (M (x) with ()= (-2~ (1) (2n-2r)

The polynomials R, satisfy the recurrence relation
XRn(X) - Rn+1(x) + Aan(X) + Ban_l(X)
with Ap = 8n(n+ 1) + 3, B, = 16n* and R_;(x) = 0, Ro(x) = 1.

@ Favard’s theorem = the polynomials R, are orthogonal and
all their zeros are real and simple;

@ zeros of Q, belongto RUIR;
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Vertical TOs in poly-analytic setting

Density of the set of spectral functions
For each n € Z, the set &, is dense in VSO(R, ).

lll. step in the proof of density in poly-analytic case:
Understand the structure of zeros of complex polynomials P,
transforming to

n n 2
Ro() = D (M (x) with ()= (-2~ (1) (2n-2r)

The polynomials R, satisfy the recurrence relation
XRn(X) - Rn+1(x) + Aan(X) + Ban_l(X)
with Ap = 8n(n+ 1) + 3, B, = 16n* and R_;(x) = 0, Ro(x) = 1.

@ Favard’s theorem = the polynomials R, are orthogonal and
all their zeros are real and simple;
@ zeros of Q, belongto RUIR;

@ zeros of P, belong to (R — i) U (iR — i) and P,(0) # 0
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Vertical TOs in poly-analytic setting
Vasilevski (1999) constructed the unitary operator U which is
an isometric isomorphism of L, (1) under which

@ the true-n-analytic Bergman space A(zn) is mapped onto
Lo(Ry) ® Ln—_1, where L, is the one-dimensional space
generated by Laguerre function 4y;

@ the n-analytic Bergman space .42 is mapped onto
L(Ry) ® LY |, where LY = @p_g Lk.
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Vertical TOs in poly-analytic setting
Vasilevski (1999) constructed the unitary operator U which is
an isometric isomorphism of L, (1) under which
@ the true-n-analytic Bergman space A(zn) is mapped onto
Lo(Ry) ® Ln—_1, where L, is the one-dimensional space
generated by Laguerre function 4y;

@ the n-analytic Bergman space .42 is mapped onto
L(Ry) ® L® |, where Ly = @y _g Lk.

Diagonalization of vertical Toeplitz operators on A2

Leta € L(R). Then the vertical Toeplitz operator T acting
on A2 is unitarily equivalent to the matrix multiplication operator
~2M acting on (L2(R4))" where the matrix-valued function

7" = (73") is given by

7ﬁj,n(x):/R+<';1(2t—)(> OGO A, X € R,

RAMIREZ ORTEGA, J., SANCHEZ-NUNGARAY, A.: Toeplitz operators with vertical symbols acting on

the poly-Bergman spacesof the upper half-plane. Complex Anal. Oper. Theory 9(8) (2015),
1801-1817.
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Postludium: A final joke :)
Problem: find the value of the sum

e () )0)

in dependence on the value of n.
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Postludium: A final joke :)
Problem: find the value of the sum

e () )0)

in dependence on the value of n.
The basic relation

2n

Yan(X ZAk / a(v)(2xv)K e dv = 3 Ac(n) 1Y, ().

k=0
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Postludium: A final joke :)
Problem: find the value of the sum

e () )0)

in dependence on the value of n.
The basic relation

2n

Ya,n(X ZAk / a(v)(2xv)k e X dv = > Ac(n) 7 (x).

k=0

@ for the generating symbol a = 1 on R we easily get
Yan = 1 foreachn € Z, and ’Y;/,k(x) =1foreachnecZ,
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Postludium: A final joke :)
Problem: find the value of the sum

2n k K n n
_1\k
>0 2 ()"0
k=0 r=0
in dependence on the value of n.

The basic relation
2n

Ya,n(X ZAk / a(v)(2xv)k e X dv = > Ac(n) 7 (x).

k=0

@ for the generating symbol a = 1 on R we easily get
Yan = 1 foreachn € Z, and ’Y;/,k(x) =1foreachnecZ,

Solution to the problem:

ki( ><k—r><n> =1 foreachn € Z,.

r=0
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Thanks for Your patience and attention!
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