Bounded uniformly continuous functions

Objectives. To study the basic properties of the C*-algebra of the bounded uniformly
continuous functions on some metric space.

Requirements. Basic concepts of analysis: supremum, limit, continuity.

Exercise 1 (definition of metric). Let X be a set and p: X x X — R be a function. The
function p is called metric (or distance) if the following conditions hold:

1.
2.
3. Forallz € X, p(x,z)=0.

4. For all z,y € X such that z #y, p(x,y) > 0.

Modulus of continuity of a function

Denote by R the set (0, +00).

Definition 1 (modulus of continuity of a function). Let f: X — C. Define the function
wp,r: Ry — [0, +00] by the following rule:

wpp(6) = sup{|f(x) = f(W)|:  p(z,y) <4}
Exercise 2 (example). Consider the set [0, +00) with the usual metric d(z,y) == |z —y|.

Define f: [0, +o00) — C by

For all § > 0 compute wgq ¢(0).

Bounded uniformly continuous functions, page 1 of 6



Monotonicity of the modulus of continuity

Notation 1 (subset of a set). Let A, B be some sets. We write A C B iff A is a subset of
B, that is, iff every element of A belongs to B. Note that for every set A the conclusion
A C A holds.

Definition 2 (types of monotone functions). Let h: D — [—o0,+oo] where D C
[—00, +00]. The function h is called:

IA

e increasing iff Ve,y e D (x <y — f(
f

(

z) < f(y));
x) > f(y));
(x)

vV

e decreasing iff Ve, y € D (x <y =

e strictly increasing it  Vz,y € D (z <y — f(@) < f(y));
e strictly decreasing iff Ve, y € D (x <y = f(z) > f(y))
Exercise 3. Let f: X — C, 61,02 > 0, 01 < ds.
1. Compare the following subsets of X x X:
{@y) e X plxy) <o} {(z.y) € X1 pla,y) < 6}
pet

2. Compare the following subsets of [0, +00]:

{If(z) = fW)l: pz,y) <61} {If(x) = fW)l: p(z,y) <62}

C or D
3. Compare the following numbers:
<or>

Exercise 4. Let f: X — C. From to the previous exercise make a conclusion about the
monotonicity of w,, .
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Supremum-norm and bounded functions

Definition 3 (supremum-norm). Given a function f: X — C denote by | f|l« its
supremum-norm:

[ flloc = sup |f()].
zeX

Exercise 5. Let f,g: X — C be bounded functions and A € C. Recall exact formulas
or upper bounds for the supremum-norm of the functions f + g, Af, f and fg (just write
formulas without any proofs):

1f + gl < A flloe =

1 Flloc 1/ 9l

Exercise 6. Prove that the space of the bounded functions X — C is complete (with
respect to the distance induced by the supremum-norm).

Bounded uniformly continuous functions, page 3 of 6



Arithmetic properties of the modulus of continuity

Exercise 7. Let f,g: X — C be bounded functions. Find an upper bound of w, ¢;4 in
terms of w, y and w), 4.

Exercise 8. Let f: X — C and A € C. Express w, s through w, ; and \.

Exercise 9. Let f: X — C. Express w, 7 through w, .

Exercise 10. Let f,g: X — C be bounded functions. Find an upper bound of w, ¢, in
terms of w,, ¢, Wog, [l and [[g]lc-

Uniform approximation and modulus of continuity

Exercise 11. Let f,g: X — C and z,y € X. Find an upper bound of |f(z) — f(y)| in
terms of |g(z) — g(y)| and ||f — glso-

[f(z) = )l = |f(2) - + - + ~f ()]

IN

Exercise 12. Let f,g: X — C. Find an upper bound of w,; in terms of w,, and

1f = gllo:

wpr(0) <
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Uniformly continuous functions

Definition 4 (uniformly continuous function). A function f: X — C is called uniformly
continuous if

Exercise 13. Write the previous definition using quantifiers V and 3:

limw, ((0) =0 — Ve >0
0—0

Exercise 14. Simplify the previous definition using the fact that w, ¢ is monotone:

%g%wp,f(é) =0 = Ve >0

Lipschitz-continuous functions

Exercise 15. Write the definition of Lipschitz-continuous function in terms of w,, ;.

Exercise 16. Prove that every Lipschitz-continuous function is uniformly continuous.
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Bounded uniformly continuous functions

Definition 5. Denote by UCy(X,p,C) the set of the bounded uniformly continuous
functions, with usual arithmetic operations, point-wise conjugation and supremum-norm.
Breve notation: UCy(X).

Exercise 17. Prove that every uniformly continuous function f: X — C is continuous.

Exercise 18. Prove that UCy(X) is closed under arithmetic operations and point-wise
conjugation.

Exercise 19. Prove that UC,(X) is a closed subspace of the space of the bounded
functions X — C.

Exercise 20. Recall the definition of C*-algebra. Determine whether UCy(X) is a C*-
algebra or not.
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