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Object of study

Define the Gaussian weight on the Complex plane as

1 e
duc(z) = —e™ 1 du(2),

then, the inner product in £2(C,dug) is

2

Gogy=1 ff 9@e " du(z).

Define the n-th Fock space

o f

Fo={recn@)| 3t

(2)=0, fe £2(C,dug)} :
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Monomials in z and Z

Let p, q € Ny, define the function m,, : C — C, as

Mp,q(2) = 2727

Given d € Z,
Dy = clos(gen{my q|p — q = d}).
Dy
Z0Z00 0zl 072 0%
2170 1Z1Z 2172 178
2270 22zl PE2E2 278
2370 23zl 2372 PZ8E8

The linear span of m,, , is a dense subset of £2(C, duc).
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Monomials in z and Z

Let p, q € Ny, define the function m,, : C — C, as
my q(2) = 2PZ9.

Given d € Z,
Dy = clos(gen{my q|p — q = d}).
Dy

00 051 052 053

2'Z° z'z 2z 2z
220 2zt 2172 1z
2220 P2EW 272 2%
2320 237 Pl -

The linear span of m, , is a dense subset of £2(C, duc).
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Monomials in z and Z

Let p, q € Ny, define the function m,, : C — C, as

Mp,q(2) = 2727

Given d € Z,
Dy = clos(gen{my q|p — q = d}).
D,
29720 P20 072 073
70 L1zl [EF 2173
2270 2zl ,272 [F238
2370 23zl 2372 2378

The linear span of m, , is a dense subset of £2(C, duc).
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Canonical basis of polynomials in z and Z

Let p, q, j, k € Ng, then

(Mg Mj k) = Op—q,j—k (P + k)L

Dy L D, d# c.
Gram-Schmidt by diagonal:

bo,0 = mo,0 bo,1 = mo,1 bo,2 = —=mo,2

s

S 4

b1,0 =mi,0 bi,1 =m1,1 — mo,0 bi2 = (m1,2 — 2mo,1)

1 1 1
bgyo = —=M2,0 b211 = 7(m2,1 — 2m1,0) b2’2 = 7(m2,2 - 4TVL1,1 + 2m0,0)
V2 V2 2
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Canonical basis of polynomials in z and Z

The basis elements have explicit form

|
(-0 (B e e, p>a,

|
(—1)? ]%zq—PLg—quP), q>p.

bp,qg(2) =

@ Ali, Bagarello, Gazeau (2015),
D-Pseudo-Bosons, Complex Hermite Polynomials, and Integral
Quantization
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Creation and annihilation operators

0
Al =z~ A= —.
T
Proposition.

ATby =g+ 1bp gi1, Abygi1 =/q+ 1b, 4.

[{ Vasilevski (2000),
Poly-Fock Spaces.
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[e]e]e]ele] ]

Creation and annihilation operators

ATby 1 =V/2lby
bo,0 bo,1 bo,2 bo,3
b1,0 b1,1 b1,2 b1,3
bro  ba1 Yo by

bs.0 bs.1 bs.2 bs.3
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Creation and annihilation operators

Abz 3 = \/3lbs 2
bo,0 bo,1 bo,2 bo,3
b1,0 b1,1 b1,2 b1,3
bao  b21 b2 b

bs.0 bs.1 bs.2 ¥ bs.3



Polyanalytic Fock spaces F,

Let n € Ny, then

{fe e |2

1) =0, fEEQ(C,duc)}-

F,, = clos(gen{b, , | pe Ny, 0 < g <n}).

)
Mo2 Mo,3 bo2 o3
mi2 M3 b1,2 b1,3
M2 M23 b2,2 b2,3
mgzz2 M3;3

b3 b33

8 /24



True-polyanalytic Fock spaces F,)

Flay = Fo[\F,

F(yy = clos(gen{by n—1 | p € No}).

Fa
Moo Mo1 Mo2 M3 --- bo,o [bog bo2 bogs
mio Mia1 Mi2 M13 ... b1,0 bl,l b1,2 b1,3
M2, Mg21 M22 M23 ... bz,o b2,1 b2,2 52,3

mso M31 M32 M33 ... bso [ b31  b32 b33



Bounded creation and annihilation operators

ALt Fny = Flng An t Flugn) = Flo
Albyy = busiy Anbpstp = buy
bo.o bo,1 bo,2 — bo3

bi,0 bi,1 bio = bis
AJ{F(g) = Fly b2.0 ba 1 bao — baj3

bso  bz1  b32 — b33

10 /24



Bounded creation and annihilation operators

Al Fiy = Fina A Figry = Fia
AL = ; z_ i A, = ; i
Jn+1 0z Jn+1\0z
A—Lbn,p = b'rl+1,p Anb7z+1,p = bn,p
bo.o bo,1 <+ bo2 bo,3
bi,0 bi,g < bio bi3
AsF 3y = Fig) b2.,0 ba1 <+ bao ba 3

b3,0 bs1 <+ b3 b33

10 /24



Reproducing kernel

Proposition.
The reproducing kernel of F,) is

K™ (w) = €Y Ly_1(]z — w]?).

z

Idea of proof.

bpg-1 = Al_1 ... Albp,

1 0 0
(n) - - - (n—1)
K w) n—1 (Z 62) (w 6w> K

11 /24



Reproducing kernel

Proposition.
The reproducing kernel of the polyanalytic Fock space F, is

K} (w) = eV LL

n—1(|Z - ’LU|2)

Idea of proof.

F,=@F;, and Li'(x) =) Lf()
Jj=1 j=0

12 /24



Radial operators
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Rotation operators

T=R/2rZ, «a€T, R,:L%C,dug)— L*(C,duc)

(Raf)(2) = f(e™2).

(Ra)aer is a unitary representation of T in £2(C, dug).



Radial operators
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D, is an eigensubspace under rotation operators

Lemma.
Let aeR, deZ
R, (Dd) =Dy.

Mo, Mop,1 Mo2 1Mo3

14 /24
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W* algebras of radial operators

R ={S e B(L*(C,du,)) | YVaeT, R,S=SR,},



Radi

pe:

W* algebras of radial operators

R ={S e B(L*(C,du,)) | YVaeT, R,S=SR,},
Rn={SeB(F,)| VaeT, RuanS=SRyn}

T\’,(n) = {S € B(F(n)) | Vae T, Ra,(n)S = SR%(H)},

where Ra,n . Fn - Fn7 and R(x,(n) . F(n) - F(n).

[e]e] Jele]e]

[e]e]e]e]e]
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D, is invariant under radial operators

Proposition.
Let S € R, then S(Dy) € Dy for alld e Z.

(C d“q @ Da

dez

Let c#d, fe Dy and g€ D,
(Sf.9) = (RaSf,Ragy = (S Raof,e™gy = e7"4=9(SF g}
(e 4= —1)(Sf, gy =0

16 /24



Radial operators

D, is invariant under radial operators

Sbo,1
boo Doz bo,0
bi2 b3 b1,0
bao bas ba2,0
bso b33 bs.0

bo,2

ba.2

bs.2

[e]e]e]e] Jeleje]ele]e)

b3 4



Radial operators

[e]e]e]e] Jeleje]ele]e)

D, is invariant under radial operators

boo bo, bo2 bos3 boo bo,1 boz2 bos3
bio b1 bia b1z bop. b11 b1z bigs
boo ba1 bao baz bao “b1,20 b2o bas

bso D31 (bg2 bss - bso D31 b2,30b33




Decomposition into diagonal subspaces

Define Sq € B(Dy), such that

S=@Sa

deZ
Proposition.

R ~ P B(Dy)

deZ



Radial operators
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Radial operators in true-polyanalytic Fock spaces

Proposition.

The class of radial operators in a given true Fock space Fi, is

diagonal with respect to the basis (bpn—1) e, -

. Sbl‘g
bo,o bo,1|bo2 |boz - imo\bo,lA bo,2 | bo,3
bio bia|bia|bis - bio b1 |bi2] b3
boo bay |b22 |bos - bao bai |ba2 |b2s

s

bso bsa |bs2 |b3s bs,o b31 |b32 b33

s

19 /24



Radial op

tors

Radial operators in polyanalytic Fock spaces

bo.o
b1,0
bao

b3,0

bo,2

ba o

b32

00000008000

bo,3
bi3
ba.3

b33

20 /24
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Radial operators in polyanalytic Fock spaces

bo,o “boan bo2 | bos . boo bo,i bo2 | bos
bio bian bialbiz - ( oo > bio b1 bialbis
bao b21 boo S b2 3
bso b3 b bs,3

20 /24



Radial operators
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Radial operators in polyanalytic Fock spaces

bo.0 bo,3
b1,0 b1,3
b2.0 b2 3
b0 bs,3

20 /24
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tors

Radial operators in polyanalytic Fock spaces

bo.o
b1,0
bao

b3,0

bo,2

ba .o

b3.2

00000008000

bo,3
b1,3
b3

b33

20 /24



Radial op

tors

Radial operators in polyanalytic Fock spaces

bo.o
b1,0
b2,o

b3,0

bo,2

ba o
b32

ba 2

00000008000

bo,3
b1,3
b3

b33

20 /24



Radial operators
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Radial operators in polyanalytic Fock spaces

Yoo o Bl o boo bo1 boz | bos
bio b1 bipo| b . bio b1 bia|bis
boo bar bao|bas . bao a1 b22|b2s
3,00, 031 b3 |bsz . b3,00 031 b32 | b33
* ES
® ok ok

20 /24
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Radial operators in polyanalytic Fock spaces

bo,o boa1 boz2|bos . boo bo1 boo | bos
% % %

bio bi1 big|biz . < P >b1,0 big bio|bis

bao b21 baa|bas #ox % S bgg bag baa| bas

bso b 32 | b3z . bso b31 bs2|bss

20 /24
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Radial operators in polyanalytic Fock spaces

21 /24



Radial operators in polyanalytic Fock spaces

oL
Rp =M, = @ Mmin{n,ner}
d=—n+1




Radial op
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Future work

Toeplitz operators with radial symbols

F,y Esmeral and Maximenko, 2015 RT{;y ~ square root
oscillating sequences.
CONJECTURE: RT{,) =~ square root oscillating
sequences.

F,, CONJECTURE: Toeplitz operators with radial symbol
that have limit ~ matrix sequences with scalar limits.



Thank you!
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