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Basis for L2pC, dµGq Fock spaces Radial operators

Object of study

Define the Gaussian weight on the Complex plane as

dµGpzq � 1

π
e�|z|2dµpzq,

then, the inner product in L2pC, dµGq is

xf, gy � 1

π

»
C
fpzqgpzqe�|z|2dµpzq.

Define the n-th Fock space

Fn �
"
f P CnpR2q

����BnfBzn pzq � 0, f P L2pC, dµGq
*
.
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Basis for L2pC, dµGq Fock spaces Radial operators

Monomials in z and z

Let p, q P N0, define the function mp,q : CÑ C, as

mp,qpzq � zpzq.

Given d P Z,
Dd � clospgentmp,q|p� q � duq.

D0

z0z0 z0z1 z0z2 z0z3 . . .
z1z0 z1z1 z1z2 z1z3 . . .
z2z0 z2z1 z2z2 z2z3 . . .
z3z0 z3z1 z3z2 z3z3 . . .

...
...

...
...

. . .

The linear span of mp,q is a dense subset of L2pC, dµGq.
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Basis for L2pC, dµGq Fock spaces Radial operators

Canonical basis of polynomials in z and z

Let p, q, j, k P N0, then

xmp,q,mj,ky � δp�q,j�k pp� kq!.

Dd K Dc, d � c.

Gram-Schmidt by diagonal:

b0,0 � m0,0 b0,1 � m0,1 b0,2 �
1?
2
m0,2 . . .

b1,0 � m1,0 b1,1 � m1,1 �m0,0 b1,2 �
1?
2
pm1,2 � 2m0,1q . . .

b2,0 �
1?
2
m2,0 b2,1 �

1?
2
pm2,1 � 2m1,0q b2,2 �

1
2
pm2,2 � 4m1,1 � 2m0,0q . . .

...
...

...
. . .
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Basis for L2pC, dµGq Fock spaces Radial operators

Canonical basis of polynomials in z and z

Lαnpxq �
exx�α

n!

Bn
Bxn pe

�xxn�αq.
The basis elements have explicit form

bp,qpzq �

$''''&
''''%

p�1qq
c
p!

q!
zp�q Lp�qq p|z|2q, p ¥ q,

p�1qp
c
q!

p!
zq�p Lq�pp p|z|2q, q ¡ p.

Ali, Bagarello, Gazeau (2015),
D-Pseudo-Bosons, Complex Hermite Polynomials, and Integral
Quantization
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Basis for L2pC, dµGq Fock spaces Radial operators

Creation and annihilation operators

A: � z � B
Bz , A � B

Bz .

Proposition.

A:bp,q �
a
q � 1bp,q�1, Abp,q�1 �

a
q � 1bp,q.

Vasilevski (2000),
Poly-Fock Spaces.
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Basis for L2pC, dµGq Fock spaces Radial operators

Creation and annihilation operators

A:b2,1 �
?

2!b2,2

b0,0 b0,1 b0,2 b0,3 � � �

b1,0 b1,1 b1,2 b1,3 � � �

b2,0 b2,1 b2,2 b2,3 � � �

b3,0 b3,1 b3,2 b3,3 � � �

...
...

...
...

. . .

?
2
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Basis for L2pC, dµGq Fock spaces Radial operators

Creation and annihilation operators

Ab3,3 �
?

3!b3,2

b0,0 b0,1 b0,2 b0,3 � � �

b1,0 b1,1 b1,2 b1,3 � � �

b2,0 b2,1 b2,2 b2,3 � � �

b3,0 b3,1 b3,2 b3,3 � � �

...
...

...
...

. . .

?
6
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Basis for L2pC, dµGq Fock spaces Radial operators

Polyanalytic Fock spaces Fn

Let n P N0, then

Fn �
"
f P CnpR2q

����BnfBzn pzq � 0, f P L2pC, dµGq
*
.

Fn � clospgentbp,q | p P N0, 0 ¤ q   nuq.

F2

m0,0 m0,1 m0,2 m0,3 . . .
m1,0 m1,1 m1,2 m1,3 . . .
m2,0 m2,1 m2,2 m2,3 . . .
m3,0 m3,1 m3,2 m3,3 . . .

...
...

...
...

. . .

b0,0 b0,1 b0,2 b0,3 . . .
b1,0 b1,1 b1,2 b1,3 . . .
b2,0 b2,1 b2,2 b2,3 . . .
b3,0 b3,1 b3,2 b3,3 . . .

...
...

...
...

. . .
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Basis for L2pC, dµGq Fock spaces Radial operators

True-polyanalytic Fock spaces Fpnq

Fpnq � Fn
£
FK
n�1.

Fpnq � clospgentbp,n�1 | p P N0uq.

Fp2q

m0,0 m0,1 m0,2 m0,3 . . .
m1,0 m1,1 m1,2 m1,3 . . .
m2,0 m2,1 m2,2 m2,3 . . .
m3,0 m3,1 m3,2 m3,3 . . .

...
...

...
...

. . .

b0,0 b0,1 b0,2 b0,3 . . .
b1,0 b1,1 b1,2 b1,3 . . .
b2,0 b2,1 b2,2 b2,3 . . .
b3,0 b3,1 b3,2 b3,3 . . .

...
...

...
...

. . .
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Basis for L2pC, dµGq Fock spaces Radial operators

Bounded creation and annihilation operators

A:n : Fpnq Ñ Fpn�1q An : Fpn�1q Ñ Fpnq

A:n �
1?
n� 1

�
z � B

Bz



An � 1?
n� 1

� B
Bz



A:nbn,p � bn�1,p Anbn�1,p � bn,p

b0,0 b0,1 b0,2 b0,3 � � �
b1,0 b1,1 b1,2 b1,3 � � �
b2,0 b2,1 b2,2 b2,3 � � �
b3,0 b3,1 b3,2 b3,3 � � �

...
...

...
...

. . .

A:1Fp3q � Fp4q
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...
...

. . .

A2Fp3q � Fp2q
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Basis for L2pC, dµGq Fock spaces Radial operators

Reproducing kernel

Proposition.
The reproducing kernel of Fpnq is

Kpnq
z pwq � ezwLn�1p|z � w|2q.

Idea of proof.

bp,q�1 � A:q�1 . . . A
:
1bp,0,

Kpnq
z pwq � 1

n� 1

�
z � B

Bz

�

w � B
Bw


Kpn�1q
z .
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Basis for L2pC, dµGq Fock spaces Radial operators

Reproducing kernel

Proposition.
The reproducing kernel of the polyanalytic Fock space Fn is

Kn
z pwq � ezwL1

n�1p|z � w|2q.

Idea of proof.

Fn �
nà
j�1

Fpjq, and Lα�1
n pxq �

ņ

j�0

Lαj pxq,
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Basis for L2pC, dµGq Fock spaces Radial operators

Rotation operators

T � R{2πZ, α P T, Rα : L2pC, dµGq Ñ L2pC, dµGq

pRαfqpzq � fpe�iαzq.

pRαqαPT is a unitary representation of T in L2pC, dµGq.
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Basis for L2pC, dµGq Fock spaces Radial operators

Dd is an eigensubspace under rotation operators

Lemma.
Let α P R, d P Z

RαpDdq � Dd.

Rαmd�q,q � e�idαmd�q,q.

m0,0 m0,1 m0,2 m0,3
. . .

m1,0 m1,1 m1,2 m1,3
. . .

m2,0 m2,1 m2,2 m2,3
. . .

m3,0 m3,1 m3,2 m3,3
. . .

. . .
. . .

. . .
. . .

. . .

RαpFnq � Fn, RαpFpnqq � Fpnq
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Basis for L2pC, dµGq Fock spaces Radial operators

W � algebras of radial operators

R � tS P BpL2pC, dµgqq | @ α P T, RαS � SRαu,

Rn � tS P BpFnq | @ α P T, Rα,nS � SRα,nu,

Rpnq � tS P BpFpnqq | @ α P T, Rα,pnqS � SRα,pnqu,

where Rα,n : Fn Ñ Fn, and Rα,pnq : Fpnq Ñ Fpnq.
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Basis for L2pC, dµGq Fock spaces Radial operators

Dd is invariant under radial operators

Proposition.
Let S P R, then SpDdq � Dd for all d P Z.

L2pC, dµgq �
à
dPZ

Dd

Let c � d, f P Dd and g P Dc,

xSf, gy � xRαSf,Rαgy � xS Rαf, e�icαgy � e�ipd�cqαxSf, gy

pe�ipd�cqα � 1qxSf, gy � 0
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Basis for L2pC, dµGq Fock spaces Radial operators

Dd is invariant under radial operators

b0,0 b0,1 b0,2 b0,3
. . . b0,0 b0,1 b0,2 b0,3

. . .

b1,0 b1,1 b1,2 b1,3
. . . b1,0 b1,1 b1,2 b1,3

. . .

b2,0 b2,1 b2,2 b2,3
. . . b2,0 b2,1 b2,2 b2,3

. . .

b3,0 b3,1 b3,2 b3,3
. . . b3,0 b3,1 b3,2 b3,3

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

Sb0,1

b1,2

b0,1

b1,2

b2,3

b3,4

Sb3,2

b3,2

b0,1

b1,2

b2,3

. . .
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Basis for L2pC, dµGq Fock spaces Radial operators

Decomposition into diagonal subspaces

Define Sd P BpDdq, such that

S �à
dPZ

Sd

Proposition.

R �à
dPZ

BpDdq
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Basis for L2pC, dµGq Fock spaces Radial operators

Radial operators in true-polyanalytic Fock spaces

Proposition.
The class of radial operators in a given true Fock space Fpnq is
diagonal with respect to the basis pbp,n�1qpPN0

.

b0,0 b0,1 b0,2 b0,3
. . . b0,0 b0,1 b0,2 b0,3

. . .

b1,0 b1,1 b1,2 b1,3
. . . b1,0 b1,1 b1,2 b1,3

. . .

b2,0 b2,1 b2,2 b2,3
. . . b2,0 b2,1 b2,2 b2,3

. . .

b3,0 b3,1 b3,2 b3,3
. . . b3,0 b3,1 b3,2 b3,3

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

Sb1,2
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Basis for L2pC, dµGq Fock spaces Radial operators

Radial operators in polyanalytic Fock spaces

b0,0 b0,1 b0,2 b0,3 d0,0 b0,0 b0,1 b0,2 b0,3 d0,0

b1,0 b1,1 b1,2 b1,3 d0,0 b1,0 b1,1 b1,2 b1,3 d0,0

b2,0 b2,1 b2,2 b2,3 d0,0 b2,0 b2,1 b2,2 b2,3 d0,0

b3,0 b3,1 b3,2 b3,3 d0,0 b3,0 b3,1 b3,2 b3,3 d0,0

d0,0 d0,0 d0,0 d0,0 d0,0 d0,0 d0,0 d0,0 d0,0 d0,0

. . .

. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

p�q
b0,2b0,2

� � �
� �


b0,1

b1,2

b0,1

b1,2�
� � �

� � �

� � �

�
b0,0

b1,1

b2,2

b0,0

b1,1

b2,2�
� � �

� � �

� � �

�
b1,0

b2,1

b3,2

b1,0

b2,1

b3,2�
� � �

� � �

� � �

�
b2,0

b3,1

b4,2

b2,0

b3,1

b4,2

�
� � �

� � �

� � �

�b3,0

. . .

b3,0

. . .

�
� � �

� � �

� � �

�

. . .
. . .
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Radial operators in polyanalytic Fock spaces
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Future work

Toeplitz operators with radial symbols

Fpnq Esmeral and Maximenko, 2015 RTp1q � square root
oscillating sequences.
CONJECTURE: RTpnq � square root oscillating
sequences.

Fn CONJECTURE: Toeplitz operators with radial symbol
that have limit � matrix sequences with scalar limits.
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Thank you!
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