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Instituto Politécnico Nacional, ESFM, México
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Dirac sequences

Definition
A Dirac sequence is a sequence (un)n∈N in L1(R) such that:

un(x) ≥ 0 for every x ∈ R, n ∈ N.∫
R

un(x) dx = 1 for every n ∈ N.

For every δ > 0, lim
n→∞

∫
|x |≥δ

un(x) dx = 0.

Some properties of Dirac sequences:
1 If f ∈ L1(R), then ‖f ∗ un − f ‖1 → 0.
2 If 1 < p < +∞ and f ∈ Lp(R), then ‖f ∗ un − f ‖p → 0.
3 If f ∈ UC(R), then ‖f ∗ un − f ‖∞ → 0.
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Theorem 1 (approximate deconvolution for the Schwartz class)

f ∈ S(R)

0 /∈ f̂ (R)

=⇒
∃ sequence (gn)n∈N in S(R) such that

(f ∗ gn)n∈N is a Dirac sequence

Proof.
Let (un)n∈N be a Dirac sequence such that supp(ûn) are compacts. Put

Gn :=
ûn

f̂
.

Gn ∈ C∞(R) and supp(Gn) is compact, therefore Gn ∈ S(R).
Since the class S(R) is Fourier-invariant, ∃gn ∈ S(R) such that ĝn = Gn.

f̂ ∗ gn = f̂ Gn = ûn =⇒ f ∗ gn = un.

Note: Theorem 1 stays true for f ∈ L1(R), 0 /∈ f̂ (R).
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T2 (convolutions are dense in UC(R))

f ∈ S(R)

0 /∈ f̂ (R)

Λf := {f ∗ a : a ∈ L∞(R)}

=⇒ Λf is a dense subset of UC(R)

Proof.
By properties of the convolution, Λf is a subset of UC(R).

Let σ ∈ UC(R). We have to approximate σ by elements of Λf .
Construct (gn)∞n=1 and (un)∞n=1 as in Theorem 1, and put

an = gn ∗ σ.

Then an ∈ L∞(R) and

f ∗ an = f ∗ gn ∗ σ = un ∗ σ
in UC(R)−−−−−−−→ σ.
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Density of Toeplitz operators (unweighted parabolic case)

Vasilevski proved that all vertical Toeplitz operators acting on A2(Π)
can be diagonalized by one unitary operator R : A2(Π)→ L2(R+).

RTbR−1 = Mγb , γb(x) =

∫ +∞

0
b
( u

2x

)
e−u du.

Denote by G the set of the functions γb:

G := {γb : b ∈ L∞(R+)}.

Natural problems:
describe the closure of G in L∞(R+);
describe the C∗-algebra generated by G.

E. Maximenko (IPN-ESFM, Mexico) Approximate deconvolution Veracruz 2014 6 / 7



Density of Toeplitz operators (unweighted parabolic case)

γb(x) =

∫ +∞

0
b
( u

2x

)
e−u du.

Make logarithmic changes of variables:

b(x/2) = a(− log(x)), γb(x) = ξa(log(x)).

The function ξa = γb ◦ exp can be written as a convolution on the real line:

ξa = f ∗ a, where f (x) =
ex

eex .

The Fourier transform of f does not vanish:

f̂ (t) =
Γ(1− i t)√

2π
6= 0 (t ∈ R).

By Theorem 2, {ξa : a ∈ L∞} is a dense subset of UC(R).
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